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FACTORS  &  PRODUCTS

F Numbers/variables being multiplied together are called Factors, and
the result of a multiplication is called the Product.

(Factor) × (Factor) = Product

An example of this would be: 7 × 5 = 35

F A single, natural number a can be called a Factor of another natural
number b if there is a “Companion Factor,” call it c, such that the
multiplication      is true.

Using our previous example, we say 7 is a factor of 35 since there is a
companion factor, 5, such that 7 × 5 = 35.

Of course, we may also say 5 is a factor of 35 since there is a companion
factor, 7, such that 5 × 7 = 35.

Are 5 and 7 the only factors of 35?

No.

1 is a factor of 35 and so is 35 itself, since

1 × 35 = 35          and          35 × 1 = 35

So there can be several “combinations” of factors to give us a specific
product.

F  Factors are also called Divisors, since they

always divide the product exactly <no remainder>.

L …
When dealing with factors, we usually only specify the
positive values. This is done for convenience and
simplicity.
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PRIMES  &  COMPOSITES

F A Prime Number (or just: “Prime”) is a natural number that has only
two distinct factors: the number 1 and itself.

L …
The number 1 is NOT prime, since it only has a single
factor: 1. To meet the definition of “Prime,” there needs
to be only two different factors.

 EXAMPLE 1:

Y 2 is prime since 1 × 2 = 2 <and no other factors would do this>

Y 3 is prime since 1 × 3 = 3

Y 5 is prime since 1 × 5 = 5

Y 4 is NOT prime. Even though we can state 1 × 4 = 4, there is another set

of factors that give us a product of 4, namely: 2 × 2 = 4. The number 4 has
three distinct factors: 1, 2, and 4, so it is NOT prime.

F A natural number greater than 1 with three or more factors is called a
Composite Number (or just: “Composite”).

From our previous example, 4 is a composite.

F Here is the list of all prime numbers that are less than 100:

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97

All the other natural numbers (except 1, of course) less than 100 are
composite numbers.

You don’t need to memorize the above list completely, but it would be good
to look at this list and at least remember the first 10 primes.
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 EXAMPLE 2:

Y 6 is a composite number since there are four factors of 6, namely 1, 2, 3,
and 6 itself.

1 × 6 = 6

and
2 × 3 = 6

Y 17 is NOT a composite number since only 1 × 17 = 17. It is prime.

Y 12 is a composite number since there are several ways to come up with
factors that multiply to give us 12 (disregarding order):

1 × 12 = 12
  2 × 6 = 12

  3 × 4 = 12

The list of all factors of 12 is: 1, 2, 3, 4, 6, and 12. Since there are six
factors, it is composite.

The number 12 can be factored in a way such that we only use numbers
that are prime:

12 = 2 × 2 × 3

or using exponents:

    

F The Prime Factorization of a composite number is the product of two or
more primes <and only primes!> to get our composite number. The primes
used for this factorization are called the Prime Factors. Exponents may
be used for simplification.

The prime factorization of 12 is: 2 × 2 × 3 or     

A simple method for finding the prime factors is by using a Factor Tree.
This is a visual way of “splitting up” a number into factors.
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 EXAMPLE 3: Find the prime factorization of 36.

SOLUTION: Start by writing 36, then try to find of any two
numbers that would multiply to give us 36. Think about your
multiplication tables. For me, 6 × 6 came to mind first…

36

6         6

Now, think of factors for each of the 6’s. For this to work, do not use 1
or the number itself.  The factors need to be other values.  If there aren’t
any values that work, then that “branch” is done. The lowest “leaves” are
then circled for clarity. These circled values need to be prime numbers.
The 36 is the “root” of the factor tree, the 6’s are the “branches,” and the
2’s and 3’s are the “leaves.”

36

6          6

The 2’s and 3’s are prime. The tree has reached its limit. We list the
values of the “leaves:”

36 = 2 × 3 × 2 × 3. This is the answer.

Traditionally, we should list the factors in order, or use exponents (in
order). Technically, it does not matter.

The prime factorization of 36 is: 2 × 2 × 3 × 3 or     

We will do more examples of prime factorization later on in this lesson.

In our previous example, 36 = 2 × 2 × 3 × 3. How can we be sure there isn’t
some other set of prime numbers that would give us 36?  36 is not very
large, but what about a huge number?  Can it have more than one prime
factorization?

To answer this question, we need the following theorem:
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F The Fundamental Theorem of Arithmetic says that every natural
number greater than 1 can be expressed as a unique product of primes, not
counting order.

So we are now guaranteed of just ONE way of rewriting a composite
number as a product of primes.

F Two numbers are said to be Relatively Prime (or “Co-Prime”) if they
have no prime factors in common.

 EXAMPLE 4: Verify that 18 and 55 are relatively prime.

SOLUTION:

The prime factors of 18 are 2 × 3 × 3. The prime factors of 55 are 5 × 11.
Since they have no factors in common, 18 and 55 are relatively prime.

THE  GCF  AND  LCM

F The Greatest Common Factor (or simply: “GCF”) of two or more
natural numbers is the largest natural number that is a factor of the given
group of numbers. It is the largest whole number that will divide exactly
into said group of numbers.

F  The GCF is also called the Greatest Common

Divisor, or GCD. This is what it is called on most graphing
calculators.

 EXAMPLE 5: Find the GCF of 16 and 36.

SOLUTION: First, find all factors (not just the prime ones) of 16 and
36. Think about the multiplication tables for help, if necessary.

The factors of 16 are: 1, 2, 4, 8, and 16.

The factors of 36 are: 1, 2, 3, 4, 6, 9, 12, 18, and 36.

The common factors shared by both 16 and 36 are: 1, 2, and 4.
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Since 4 is has the largest value of the common factors, it is the greatest
common factor. So…

4 is the GCF of 16 and 36.

(  As mentioned earlier, the GFC is called the GCD

on the calculator.  Specifically, you need to use the “ ”  operation. You
can only find the GCF <GCD> of two numbers at the same time. So, if you
need to find the GCF of three or more numbers, just find it for the first
two, then use this result with the third number, and repeat, as necessary.
Let’s do two examples:

What to do: On the Calculator Screen:
What is the GCF between 16 and
36?
M

B <This selects the “num” menu>

The fastest way to find “ ”  is to
now press: C <or press 

instead of C >

b <the comma!> 

The answer, as we know, is 4.

 
Ú

 

What is the GCF of 72, 600, and
420?
M

BC

b 

Now use the result 24 with the 420:
BC

b 

The answer is 12.

F A Multiple of a number is the answer you get when you multiply said
number by any natural number.
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 EXAMPLE 6: Y The multiples of 2 are: 2, 4, 6, 8, 10… since:

2 × 1 = 2
2 × 2 = 4

2 × 3 = 6
2 × 4 = 8

  2 × 5 = 10

Y Similarly, the multiples of 5 would be: 5, 10, 15, 20, 25…

(  There is a rather “slick” way of generating the

multiples of a number. The “pattern” to learn is to start by entering zero,
then “add” the number you wish to find the multiple of. Pressing 
repeatedly will generate the multiples.

What to do: On the Calculator Screen:
Find the first five multiples of 2.
M

<this is the first multiple>

<Now just keep pressing the  key

for as long as you need to>

The first five multiples of 2 are:
2, 4, 6, 8, and 10.

Find the first six multiples of 13.
M

<Then>

The first six multiples of 13 are:
13, 26, 39, 52, 65, and 78.

F  For simplicity and convenience, we apply

multiples to positive integers (natural numbers) only. No negatives!
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F The Least (or Lowest) Common Multiple (the “LCM”) of a group of
two or more numbers is the smallest natural number that is a multiple of
all the numbers of the given group.

 EXAMPLE 7: Find the LCM of 8 and 12.

SOLUTION: One method for finding the LCM is the following:

List several multiples of both 8 and 12:

Multiples of 8: 8, 16, 24, 32, 40, 48, 56, 64, 72…

Multiples of 12: 12, 24, 36, 48, 60, 72…

The first few multiples shared by both 8 and 12 are: 24, 48, and 72. The
least of these common multiples is 24.

The LCM of 8 and 12 is 24.

A better method, but takes a little practice to “see” the mechanics
involved, is the following: <The CD-ROM video of this Lesson will make it seem

easier to follow than these written notes>

 Find the prime factors of 8 and 12:

8

4       

                        

12

4       

                         

 Now list the prime factors, one below the other, but if a factor is not
“matched” with the same number above it, then place it in a separate
shaded column <shading is for clarity, don’t actually try to do shading

yourself>.

For   8: 2 • 2 • 2
For 12: 2 • 2 • 3
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 Now, draw “down arrows” through each shaded column. Write the
number that is “represented” by that column:

For   8: 2 • 2 • 2

For 12: 2 • 2 • 3

2 • 2 • 2 • 3

 Multiply this together to get the LCM:

2 × 2 × 2 × 3 = 24

L …

You may think this is actually worse than the first
method, but when you have larger numbers or more
than two numbers, then this second method really is a
better method.

 EXAMPLE 8: Find the LCM of 12, 45, and 50.

SOLUTION:  Start by creating the factor trees:

12

4       

        

45

9       

         

50

      10

                

 Now, create the factor columns:

For 12: 2 • 2 • 3

For 45: 3 • 3 • 5

For 50: 2 • 5 • 5

2 • 2 • 3 • 3 • 5 • 5

 Multiply this together to get the LCM:

2 × 2 × 3 × 3 × 5 × 5 = 900
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(  The “ ”  operation is just above the “ ” 

one used earlier in this lesson. Let’s verify our previous answer. Note that
the calculator can only work with two numbers at a time, so perform the
“ ”  operation twice to get our final answer.

What to do: On the Calculator Screen:
Find the LCM of 12, 45, and 50.
M

BCC  <Make sure

selection 8 is highlighted. You could

have also just pressed >

b

Now find the LCM of 180 and 50:
B <I used the alternate

keystrokes this time>

b 

The answer is 900.

 
Ú

 

=
Don’t just multiply the numbers together to get the LCM. Yes, this
result may be the answer, but not usually.
Using our example: 12 × 45 × 50 = 27000. This is a common
multiple of the three numbers, but it is NOT the least.

DIVISIBILITY

F A Digit is a symbol used to represent a number and is used in
combination with other digits to create other numbers.

The digits we are most familiar with are the Arabic Numerals: 0, 1, 2, 3, 4,
5, 6, 7, 8, and 9. These are the “number” keys on our calculator.

F The Digit Sum of a number is found by adding together the individual
digits used to create the number. For example, the digit sum of 351 is
3 + 5 + 1 = 9. Finding the sum of digits will be handy to know later in this
lesson.
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F A number is said to be Divisible by another number if it can divide into
it exactly (there is no remainder). Numbers are divisible by all of their
factors.

F An Even Number is any whole number that is divisible by 2. Zero is
considered an even number. Numbers ending in 0, 2, 4, 6, and 8 are even.

F An Odd Number is any whole number that is NOT divisible by 2.
When divided by 2, the remainder would be 1. Numbers ending in 1, 3, 5,
7, and 9 are odd, but not as odd as this tutor ☺.

DIVISIBILITY RULES

Divisible
By: The Rule: An Example:

2
It is divisible by 2 if the
number is even (last digit is 0,
2, 4, 6, 8).

31,528 is divisible by 2 since it
ends with the even digit 8.

3

It is divisible by 3 if, when the
digit sum is divisible by 3,
then the original number is.
Repeat with the digit sum
itself, if necessary.

70,221 is divisible by 3 since:
7 + 0 + 2 + 2 + 1 = 12 and 12 is
divisible by 3 since: 1 + 2 = 3,
which is also divisible by 3.

5 It is divisible by 5 if the last
digit is either a 0 or a 5.

6,825 is divisible by 5 since it
ends with 5.

6 It is divisible by 6 if it is
divisible by 2 (even) and by 3.

2,334 is divisible by 6 since it
is even and the digit sum (2 +
3 + 3 + 4 = 12) is divisible by 3.

9

It is divisible by 9 if, when the
digit sum is divisible by 9,
then the original number is.
Repeat with the digit sum
itself, if necessary.

52,416 is divisible by 9 since
5 + 2 + 4 + 1 + 6 = 18 and 18 is
divisible by 9 (1 + 8 = 9).

10 It is divisible by 10 if the last
digit is 0.

490 is divisible by 10 since it
ends with a 0.

There are other rules of divisibility for other numbers, but I find they are
either not too useful, or just too complicated to use and/or remember.

With these rules, finding the prime factorization of a number is easier.
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Basic

Strategy:

 Try thinking of numbers that can split the number
into others that are close in size to each other.  For
example, with 16, I would not try 2 and 8 first, but
rather 4 and 4. With 50, I would not try 2 and 25, but I’d
try 5 and 10 first. It really does not matter, in the long
run, if you do this. I can start by dividing by 2. You
would get longer factor trees this way, and we want to
minimize our work, if possible.

 Now, if presented with a large number, mentally
factoring it may not be easy, so use the divisibility rules
to try to factor out a “large” number like 9, 10 (if it ends
with 0) or 6 first. Then try 2 (if it’s even) and 5 (if it ends
with a 5). When you tried 9, and it did not work, but got
something that is divisible by 3, then you can use that
information to factor the number.

 Keep factoring the “branches” (or original number).
You may need to now try other primes as guesses, like
dividing the number by 11, by 13, by 17, etc. Continue
this until you get only prime numbers. Circle the primes
(the “leaves”).

 Displaying these primes as a product gives you the
prime factorization.

In step , a question may come up: when do you stop trying to guess what
prime numbers would divide into the number?

F The Prime Factor Test: To find candidates to use to find the prime
factors of a number, you only need to try those that are less than or equal
to the square root of the number.

 EXAMPLE 9: What is the largest number you should use to try and
factor 221? What is its prime factorization?

SOLUTION: Our largest candidate for guessing what factor would
work is:
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So the biggest number you need to try to figure out what numbers divide
into 221 is 14.  The largest prime would be 13.

Using our divisibility rules:

10 does not work since 221 does not end with a 0.
9 (and 3) will not work since the digit sum is: 2 + 2 + 1 = 5
5 does not work since 221 does not end with a 5.
2 will not work. 221 is not even.
Since 2 and 3 did not work, 6 will not work.

Now, start dividing 221 by some primes (use a calculator, it is faster):

221 ÷ 7    31.57… <not divisible by 7>

221 ÷ 11    20.0909… <not divisible by 11>

221 ÷ 13 = 17 <It works!>

Using a factor tree:
221

bo     bs

Since 13 and 17 are both prime, we are done.

The prime factorization of 221 is 13 × 17.

 EXAMPLE 10: Find the prime factorization of 1176.

SOLUTION: The digit sum is: 1 + 1 + 7 + 6 = 15 which is divisible by 3,
and it is even, so we can divide it by 6 <use a calculator>.

1176 ÷ 6 = 196.

196 is even, so divide by 2:

196 ÷ 2 = 98.

This is even, so divide by 2 again: 98 ÷ 2 = 49.

This should be enough information to create our factor tree:
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1176

6            196

              98

        49

             

The prime factorization of 1176 is 2 × 2 × 2 × 3 × 7 × 7 or     .

 Note: This is NOT the only way of creating the factor tree.

It’s Quiz Time!
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LESSON  5  QUIZ

1 List all possible factors of 52: _______________________

2 Are the following numbers prime, composite, or neither?

Y 0:  ______________ Y 1:  ______________

Y 2:  ______________ Y 3:  ______________

Y 6:  ______________ Y 27: ______________

Y 29: ______________

3 Find the Greatest Common Factor (GCF) for:

Y 60 and 75: ________

Y 180, 540 and 1200: ________

4 List the first six natural number multiples of:

Y 4: ________________________

Y 15: ________________________

5 What is the Least Common Multiple (LCM) of:

Y 9 and 30? ________

Y 8, 14 and 20? ________

6 Are 56 and 165 relatively prime? _______ Why?
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7 Find the prime factorization of the following:

Y 63: ________________________

Y 1100: ______________________

Y 391: _______________________

ANSWERS  ON NEXT  PAGE…
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ANSWERS
1 List all possible factors of 52: 1, 2, 4, 13, 26, 52

2 Are the following numbers prime, composite, or neither?

Y 0: Neither Y 1: Neither

Y 2: Prime Y 3: Prime

Y 6:  Composite Y 27: Composite

Y 29: Prime

3 Find the Greatest Common Factor (GCF) for:

Y 60 and 75: 15

Y 180, 540 and 1200: 60

4 List the first six natural number multiples of:

Y 4: 4, 8, 12, 16, 20, 24

Y 15: 15, 30, 45, 60, 75, 90

5 What is the Least Common Multiple (LCM) of:

Y 9 and 30? 90

Y 8, 14 and 20? 280

6 Are 56 and 165 relatively prime? YES Why?

The prime factorization of 56 is: 2 × 2 × 2 × 7.

The prime factorization of 165 is: 3 × 5 × 11.
They have no factors in common, so they are relatively prime.
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7 Find the prime factorization of the following:

Y 63: 3 × 3 × 7

Y 1100: 2 × 2 × 5 × 5 × 11

Y 391: 17 × 23

END  OF  LESSON  5


